OBJECTIVE
MATHEMATICS

Volume 1
Descriptive Test Series

Prof. M. L. Khanna

Bhushan Muley

CHAPTER-5 : THEORY OF EQUATIONS

UNIT TEST-1

. Ifa>b>0and a® + b® + 27 ab = 729 then 5. If a, b, c are real numbers, a # 0. If a is a root of
the quadratic equation ax? + bx — 9 = 0 has roots a*? + bx + ¢ =0, Bisaroot of a®?-bx-c=0
o, B (a0 < B). Find the value of 4p — ac. and 0 < a <[, then the equation a®x? + 2bx + 2c

. Let oand B be roots of x2— 6 (2 — 2t + 2) x— 2 = = 0 has a root y that always lies between o and .
0O witha > B.If @, =" —B" for n>1, then find 6. Let —1< p <1.Show that the equation 4x® — 3x —

-2 1
the minimum value of G100 ~ “dog (where teR) p = 0 has a unique root in the interval {—, 1} and
Qo9 o 2
identify it.

. If o,B,7,0 are the roots of the equation x* . .
K + K + Lx + M = 0, where K, L and M 1. For real wvalues of x, if the expression
arze reazl nu;nber;, then the minimum value of (ax-b) (dx—c) assumes  all  real  values
o’ +B° +y° + 8 is —n. Find the value of n. (bx —a) (ex - d)

) then (a2 - b?) and (c? — d®) must have the same sign.
x
. Consider Yy = Tog2’ where x is real, then the 8. The real numbers x;, X, X3 satisfying the equation

range of expression y? + y — 2 is [a, b]. Find b — 4a.

2 -x?+ Bx + v =0 are in A.P Find the intervals
in which B and v lie.

Hints and Solutions

l.a>b>0

Simplify the given equation.
a® + b3 + 27ab = 729
= a®+b3+(-9)3-3ab(-9) =0

f)=a+b-9

Thus it is clear that 1 is the root of given quadratic
equation.

eithera=1orb=1ifb=1

Using : a® + b3 + ¢3 - 3abc -9
= (a+b+c) (@® + b2+ c2-ab - bc - ca) a=—
=@+b-9) (@®>+b%>-ab+9a+9b+81)=0 9
We need 4-ao=4x1-a|-=
Therefore,a + b—-9 =10 a
a+b=9 =4+9=13
Let, fO) =ax* + bx + ¢ 2.x2-6(t2-2t+2)x-2=0

-b
a2 +bx-9=0= a+P=—
a

- ap =" <p)

a>b>0

Roots are a, 3
a?-6t*-2t+2)a-2
a?-2=6(t*-2t+2) a

al® =62 -2t +2) o
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al® —20%® =6(t? -2t +2) a*®
BlOO _ 2398 — 6(t2 — 2%t + 2) B99
a, =a* - p*

100 98 _ 100 98
Ay — 20gg _a —207 B+ 2B
99 _ g%

a99 o
6(t2—2t+2) (a” - B*)
= @ —p%)

minimum value of (£2—2t+2) =1

. so minimum value = 6

3. Given, o,f,Y,0 are the roots of the equation

Xt —K + Kx2 +ILx+M=0.

Then from the relation between the root and coefficient
we get,

Ya=o0+B+y+06=K (D
and Yap=K ...(2)
So-B-y=-L
and o-B-y-6=M.

Now, o +p%+v2+8%=(Za)? - 2(Za-p)

=K2-2K [Using (1) and (2)]
=K2-2K+1-1
- (K-1)2-1.

We have minimum value of (K-1)2isOas (K — 1% >0.

. 2 . p2 .2, <2 .
So the minimum value of a” + B + vy~ + 8% is -1.

4. Gi y 2x
. Given, Y =
1+x?
= yx>-2x+y=0

Since x € R, discriminant = 0

= 22 -4y*>0
1-y*>20=y*-1<0
(y-Dy+D<0
yel-1,1]

g0) =y*+y -2

We need to find extremums of g(y) on the interval
-1<y<1

U Uy

, 1
g§)=2y+1=0 = y=-3

g-D=1-1-2=-2
g)=1+1-2=0

9
Range of y2 +y-2is {O, —Z:|

Sob = 0 and a=—§ and hence b -4a =9

a’0® +bo+c=0 ..(D
and a’p? -bp-c=0 (2)
Let f(x) = a®x? + 2bx + 2¢
f(o) = a?a® + 2(ba+c)
=a’a? - 2a%a? = —a’a? = —ive, by (1)
FB)=a®B® +2(bB +c)
_ a2[32 + 202B2 _ 3a2[32
= +ive, by (2)

Since f(a) and f(B) are of opposite signs then we know
from theory of equations that a root y of the equation
f() = 0 lies between o and .

6. f(x) =4x*-3x-p=0

fllx)=12x>-3=12 [xz —%}

1 1 . 1
=12|x+=|| x—=|=+ive for X2~
2 2 2

1
Thus f(x) is an increasing function for X 2 5
1 1 3
Now f(ijzi—a—pz—l—p = —ive
f1)=4-3-p=1-p
= +ive w-1<p<1

Since f(a) and f(b) are of opposite signs there exists at
least one or in general three rots of f(x) = 0 between a

1
and b i.e., between E and 1. But f(x) is an increasing
. 1 . .
function for X 2 5 Hence there exists only one root in
1
5,1 . Put x =cos0.

= 4c05°0—3cosO—p=0

or c0539=p0r6:%cos_1p

g _(1 _1]
or COSs  X= gcos p

1
or X = cos(g cos™! pj where -1 <p <1.

7. y = given expression

= (ab - bcy) x2 + (ac + bd) (y = 1) x + (bc —ady) = 0
Since xisreal => A >0

(ac + bd)? (y ~1)? —4(ad —bey) (bc—ady) >0
VyeR



or

(ac —bd)*y? + 2{2(a*d* +b*c?) — (ac + bd)*}y
+(ac-bd)?*>0V yeR

Above expression is to be +ive and its first term is +ive.

Hence A <0

4 {2(a?d? + b*c?) - (ac + bd)?}? - 4 (ac - bd)* = —ive

Apply L2 - M2 = (L + M) (L — M) and cancel 4.

or [2a2%d? + 2b%c% - (ac + bd)? - (ac - bd)?]

[2a2d? + 2b%c% - (ac + bd)? + (ac - bd)?] < O

or [2a%d? +2b2c2 — 2a2c? — 2b%d?]

or [2a?d? + 2b?c? —4abcd] < 0

Again cancel 2, the second factor is (ab — bc)? which is
+ ive and first factor is

a? (d?-c?) + b2 (¢2-d?)
or (c2-d?) (b*-a?) =-(a®-b?) (2-d%
Hence the required condition is

—(@®-b%) (c2-d?» (ad-bc)?2 <0
or (@2-0b2) (c2-d?) > 0Oi.e., +ive

Above will hold good if both (a? - b?) and (c? — d?) have
the same sign i.e., either both +ive and both —ive.

8. Since xj, Xy, X3 are in A.R, 2x2 = x; + X3

3x, =%x; =1
o1
>3
But x3 is a root of given equation
1 1 1
——=+—B+y=0
27 o 3Pt
2
or 9B+27y:20r[3+3y=§ (D

Again Ex;X, — XXy + XoXg + XgX; =
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and X1 XgXq ==Y

Putting Xy = g, we get

1 1
§(X1 +X3) + x;x3 =P and §X1X3 =—y
Eliminating x; from the above relation

1(x1—ﬂJ—3v=B

3 bl
x; =3B +3y)x; —3y=0
Since x; is real
A>0
9B +37)* +12y>0
or 3B+ 3y)2 +4y2>0 ..(2)

We have now to find the intervals for 3 and y by the
help of (1) and (2).

92
3(§j +4y2>0 by (1)
1
+—2>0
o Y
>—i 3
Y2 27
and from (1)
P+27y+1=3
3-9=27y+2>0, by (3)
or 3P-1<0
1
< —.
P 3
1
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